Abstract. In order to enhance dexterity in execution of robot tasks, a redundant number of degrees-of-freedom (DOF) is adopted for design of robotic mechanisms like robot arms and multifingered robot hands. Associated with such redundancy in DOFs relative to the number of physical variables necessary and sufficient for description of a given task, an extra performance index is introduced for controlling such a redundant robot in order to avoid arising of ill-posedness of inverse kinematics from the task space to the joint space. This paper shows that such an ill-posedness problem of DOF redundancy can be resolved in a natural way on the basis of construction of sensory feedback signals from the task space and a novel concept named "stability on a manifold". To show this, two illustrative robot tasks are analyzed in details, which are 1) posture control of an object via rolling contact by a redundant multi-DOF finger and 2) stable pinching and object manipulation by a pair of multi-DOF robot fingers.
enables the state of the overall system naturally and coordinately to converge to a lower-dimensional constraint manifold corresponding to a set of states fulfilling a target given task. The original idea of "stability on a manifold" was first introduced in control of multi-fingered hands for stable grasping and object-manipulation [8] - [10] . If an objective system under constraint is not redundant in DOF, then the concept of stability on a manifold is reduced to the conventional meaning (in the sense of Lyapunov) of stability for descriptor systems or mechanical systems under constraints, which was treated by Müller [11] [12] and Bajić [13] . However in the case of redundant mechanical dynamic systems under constraints as treated in this paper, the set of all still states corresponding to necessary and sufficient description of objective tasks is not a single state of zero-dimension but constitutes a non-zero dimensional manifold. In this paper, two typical robotic tasks are analyzed, which are 1) posture control of an object via rolling contact by a multi-DOF finger and 2) stable pinching and object manipulation by a pair of multi-DOF robot fingers. It is shown that in both cases proposed feedback control signals are of a simpler form than those obtained by conventional methods of using extra performance criteria and render in a natural way solution trajectories of the closed-loop dynamics convergent to each lower-dimensional manifold corresponding to target tasks without solving the problem of inverse kinematics. That is, seeking for some inverse kinematics is not indispensable in principle.
Dynamics of Control of a Pivoted Object by a Robot Finger with
Redundant DOFs. Consider a problem of posture control of a pivoted object by means of a redundant multi-DOF robot finger as shown in Fig. 1 . The object with a flat surface is pivoted at the fixed point O m (x m , y m ) and hence only rotational motion around O m in the xy-plane is permitted. The problem is to control the rotational angle θ toward the desired value θ d by a 3-DOF planar robot finger. Hence the overall motion of both the robot and the object is confined to the xy-plane and the gravity force can be ignored. Then, the kinetic energy of the system can be expressed as
where q = (q 1 , q 2 , q 3 )
T , H(q) and I denote the inertia matrix of the finger and the inertia moment of the object around O m . Since the finger-end hemisphere contacts with the surface of the object, the following constraint equation follows:
On the other hand, the rolling contact without slipping induces the constraint that two speeds of the contact point O 1 (x 1 , y 1 ) relative to φr and Y must be coincident, that is,
where Y = (x 0 − x m ) sin θ + (y 0 − y m ) cos θ φ = π + θ − q 1 − q 2 − q 3 = π + θ − q T e (4) with e = (1, 1, 1)
T . Since eq.(3) can be easily integrated in such a way that
where c 0 is an integral constant, it is possible to write the Lagrangian by introducing Lagrange multipliers f and λ correspondingly to the quantities Q and R in the following way:
Thus, by applying Hamilton's principle to the Lagrangian it is possible to obtain Lagrange's equation of motion for this system, which is described as follows:
More in details, Jacobian vectors in eqs. (7) and (8) can be calculated as
where
, the Jacobian matrix of (x 0 , y 0 ) T (the cartesian coordinates of the center of curvature O 0 of the finger-end hemisphere) with respect to the joint coordinates (q 1 , q 2 , q 3 ). Hence, the equation of motion of the object can be written in details as follows:
Now, consider the control problem of maneuvering the object toward a specified rotational angle θ d with a desired pushing force f d . If a vision sensor can detect the rotation angle θ(t) of the object, it is possible to define a control signal described as
where ∆θ = θ − θ d . Substituting this control into eq.(7) yields the closed-loop dynamics
Although the object dynamics expressed by eq.(10) do not change because they do not have any direct control input, but it is convenient to rewrite them in the following way:
Taking inner product betweenq and eq.(12), multiplying eq.(13) withθ, and summing these resultant quantities, we obtain
The scalar quantity V is not positive definite in the eight-dimensional state space (q, θ,q,θ) but positive definite in the four-dimensional constraint manifold
because V includes quadratic terms of two positional variables ∆θ and Y . Hence, the well-known theorem of LaSalle can be applied to eq. (14) . However, in the case that the control objective is only to stop motion of the object by using a feedback signal
the scalar function V becomes of the form
This quantity is no more positive definite in the constraint manifold M 4 defined by eq. (15) .
To simplify the terminologies in the following sections, we use symbols x = (q T , θ)
It is further convenient to introduce a neighborhood N 8 (r) with radius r of a given still state x 0 on M 1 in such a manner that
where ∆q = q − q 0 and x 0 = (q 0 , θ 0 ,q = 0,θ = 0). Further, we assume that for the given still state x 0 on M 1 there exists a positive number r 0 such that at any state
is of full rank (non-degenerated).
3. Stability on a Manifold and Natural Redundancy Resolution. In the case of control for stopping the rotational movement of the object in Fig. 1 , a target state can be fully described by specifyingẋ = 0 and Y = 0, which means that the target state must lie on M 1 but the values for other variables θ and q i (i = 1, 2, 3) need not be specified unless contact between the finger end and the object is broken and the whole state (x(t),ẋ(t)) for any t > 0 remains in N 8 (r 0 ) where the Jacobian matrix J(x) is non-degenerated. Usually, since the inverse kinematics from the task description (ẋ = 0, Q = 0, R = 0, Y = 0) to the joint coordinates is ill-posed because there are many states (x,ẋ) satisfying the task which are lying on M 1 , the previous researches [1] - [7] proposed a variety of methods for resolving this ill-posedness of joint redundancy by introducing some appropriate extra performance index so that optimization of the index leads to unique determination of the inverse joint state. However, in this paper, it is shown that such an ill-posedness problem of inverse kinematics can be resolved in a natural way by introducing a concept of "Stability on a Manifold" as shown in the case of control problems for grasp and object manipulation of multi-fingered hands [8] - [10] . To do this, it is necessary to define another concept of neighborhoods of the reference still state x 0 ∈ M 1 on the manifold M 4 in the following way:
We are now in a position to introduce the definitions of stability on a manifold and asymptotic transferability to a manifold as follows: Fig. 3 ).
The principal purpose of the paper is to show that a reference still state (x 0 , 0) of the closed-loop equations of eqs. (12) and (13) with β = 0 and α = 0 is stable on a manifold under the condition that in a neighborhood of the reference state (x 0 , 0) the following 3 × 4 matrix A is of full-rank (non-degenerated)
where e = (e T , −1)
T . The necessity of this condition can be easily understood since the closed-loop dynamics of eqs. (12) and (13) with β = 0 and α = 0 when the feedback signal of eq. (16) is used can be expressed as
It is evident from eq.(23) that ifẋ andẍ tend to zero as t → ∞ then the nondegenerated property of A implies λ → 0 as t → ∞. Since control of the object can be started from ordinary initial position as shown in Fig. 1 , it is reasonable to
Under this condition it is possible to show that the matrix A is non-degenerated. The proof is given in Appendix A. Before stating the main theorem of this paper, we emphasize that the objective system is a physical model of centimeter world, whose link lengths, radius of finger-end sphere, and object width are of order of centimeter as shown in Table 1 . Then, inertia moments of finger links and the object are of O(10
Under this physical circumstances, we firstly choose
) and then choose the angular velocity feedback gain c (= c 1 = c 2 = c 3 ) that plays a role of damping factor of the overall system in such a way that
where r denotes the radius of finger-end hemisphere. This guidance of damping gain tuning was proposed in the previous paper [14] suggested from Hill's model of force/velocity characteristics of muscle shortening observed in muscle physiology [15] . Now it is possible to state:
Proof. First, consider a scalar quantity
where α > 0 is a constant and
Since P is a projection matrix and two column vectors of J are independent of e in N 8 (r 0 ), there exists a positive constant σ 0 > 0 such that
Note that P J T = 0. Hence the time-derivative of E is reduced to the following:
Since allḢ,Ṗ andS are linear and homogeneous inẋ, it is possible to evaluate the last term of the right hand side in the following way (1) and h M stands for the maximum spectre radius of matrixH(q) over all q. On the other hand, it follows that
According to the assumption of choice for C and f d , it is possible to see thaṫ
It is also important to note that the holonomic constraint of eq. (5) yieldṡ
which from eq.(4), leads tȯ
Since l is of O(l i ) for link length l i (i = 1, 2, 3), it follows from eq.(35) that
which leads to the following equality 
and the infimum inside bracket { } should be taken along the solution trajectory over
, there exists a positive constant σ 0 > 0 satisfying eq.(28), which means that σ ≥ σ 0 e 2 . In reality, as discussed in next section, the quantity e T P e remains around 1.4 during maneuvering of the finger in some example. Finally, it is important to note that eq.(26) leads to
where we set α = 2 and
Since P is a projection matrix, it follows that e T P e ≤ e T e = 4. Note that ε 0 is less than 0.5 even in the case of 
which shows that
This inequality shows that all velocity variablesq i (t) (i = 1, 2, 3) andθ(t) together with Y (t) converge to zero exponentially in time t as t → ∞ and the maximum magnitude of Y (t) remains small dependently on the initial value of V 0 (t), that is, V 0 (0), which proves that for a given ε > 0 there exists δ 1 (ε) > 0 such that V 0 (t) ≤ ε Table   1 , initial values for position variables are set as in Table 2 , andq i (0) = 0 (i = 1, 2, 3) andθ(0) = 0. Fig. 4 shows transient responses of Y, θ, f , and λ when the values for f d and c are chosen as in Table 3 . In this case, only the desired target values for Y and f are specified as Y (∞) = 0 and f (∞) = f d , but those of other variables θ and λ are not specified. As seen in Fig. 4 , Y (t) and f (t) converge quickly to their specified target values within 0.6 second, λ(t) converges to zero also within 0.6 second, and θ(t) does to some constant value within the same period. In this case, the quantity Tables 1 and 2 and feedback Fig. 7 . In this case, the scalar function V defined in eq. (14) becomes a Lyapunov function for the closed-loop dynamics composed of eqs. (12) and (13), because V is positive definite in the state (x,ẋ) under constraints of eqs. (2) and (5), that is, V is positive definite on the constraint manifold M 4 defined by eq.(15).
Since the time-derivative of V is non-positive as described in eq. (14), LaSalle's invariance theorem [16] implies that the solution trajectory to eqs. (12) and (13) 
This means thatq(t) → 0 andθ → 0 as t → ∞ and eqs.(12) and (13) are reduced to
T and e θ = (0, 0, 0, 1). Since e θ is independent of all three column vectors of A and A is of full rank, eq.(48) implies λ(t) → 0, Y (t) → 0, ∆f (t) → 0, and ∆θ(t) → 0 as t → ∞. In other words, the stability problem in this case is reduced to an ordinary problem of stability in the sense of Lyapunov. However, LaSalle's invariance theorem does not present any information about the speed of convergence. In order to see the convergence speed in this case, it is important to analyze a scalar quantity described as
Note that
and, in particular, P θ e = 0 and P e e θ = 0. Then, similar to the derivation of inequality (32), it is possible to obtain
Similar to the derivation of eqs. (42) and (43), it is also possible to show
provided that α 0 and α 1 are set as α 0 = α 1 = 1.0 and β is chosen as in Table 4 . Then, by defining ξ e = e T P e e, ξ θ = e T θ P θ e θ (56)
where both 'inf's inside bracket { } are taken along the solution trajectory to the closed-loop dynamics of eqs. (12) and (13), it is possible to show
Thus, the exponent parameter σ signifies the grade of exponential convergence. In and sufficient for description of a desired target task is less than the total DOFs, then the convergence of its solution trajectory can be speeded up. In other words, surplus DOFs of robotic systems may enhance dexterity in execution of tasks.
Redundancy Resolution in Case of Stable Grasping by a Pair of
Multi-DOF Fingers. Next consider a problem of redundancy resolution for the dynamics of planar motion of a pair of multi-DOF robot fingers with hemi-spherical finger ends contacting with a rigid object with parallel surfaces and rolling on object surfaces (see Fig. 9 ). As already shown in the previous papers [9] - [10] or reasonably predicted from the discussion in derivation of eqs. (7) and (8), the overall dynamics of motion of the system are described as follows: 60) where J 0i denotes the Jacobian matrix of (x 0i , y 0i ) with respect to q i = (q i1 , q i2 )
T for i = 1, 2 and M and I denote the mass and inertia moment of the object. It should be noted that the inertia matrix H i for finger i depends on the position vector q i and henceḢ i and S i depend on both q i andq i . However, it should be remarked that S i (q i ,q i ) is linear and homogeneous inq i and skew-symmetric. Hence, it follows thaṫ
Now consider the sensory feedback signal
where c i > 0 and Y 1 − Y 2 can be calculated in real-time on the basis of measured data on θ(t) and q i (t) (i = 1, 2) as follows:
Substituting eq.(62) into eq.(59) by setting u i = u si yield
At this stage it is important to note that the first two equations of object dynamics . Therefore, the numerical value for the object mass M is unbalanced in comparison with the object inertia moment I in the centimeter world. In order that the coefficients of acceleration terms (ẍ,ÿ,θ) are reasonably comparable to each other, it is convenient to rewrite the equation (60) into
Finally, the closed-loop dynamics of the overall system are expressed as
T , and
It is easy to check that taking inner product of eq.(68) withẋ gives rise to
where K is the total kinetic energy of the system, i.e.,
Description of stable grasping corresponds to the 2-dimensional manifold
and any solution trajectory to the closed-loop dynamics of eq.(68) lies on the 6-dimensional manifold
Now, consider a reference state (x 0 ,ẋ = 0) ∈ M 2 and assume that in a neighborhood of (x 0 , 0) with radius η 0 defined by 
Further, it is possible to define the concepts of stability on a manifold and asymptotic transferability to a manifold in a similar way as discussed in section 3. At this stage, it is important to remark that concerned fingers and object are of centimeter size and therefore their physical parameters are likely as given in Table 5 . Now it is possible to show the following result: is necessary to introduce the quantity
Then, by virtue of the property of inertia matrix H whose maximum eigenvalue h M over all x is of O (10 −5 ) as remarked in derivation of eq. (66) by introduction of the scale factor r (= 10 −2 ), it is possible to show that, similar to eqs. (42) and (43),
if α is set as α = 2.0 and
Since the damping factor c is sufficiently large in comparison with h M , the maximum eigenvalue of H over all x, and |θ| 2 is of O( q 1 2 + q 2 2 ) according to the constraints ofṘ i = 0 andQ i = 0 for i = 1, 2, it is possible to conclude that Computer simulation based on physical parameters of Table 5 and initial positions of Table 6 together with physical values for c and f d of Table 7 When the desired task is to realize stable grasping and orientation control of the target angle θ d concurrently, the sensory feedback
can be used, where ∆θ = θ − θ d , α > 0 and β > 0 are constant. In this case, if we define
and
then it follows that
This shows that the quantities ζ e = e T P e e, ζ θ = e 
